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Abstract. Mutually recursive definitions are a fundamental concept in
programming. This also applies to embedded domain-specific languages
(EDSLs), especially when intensional analysis or explicit manipulation of
recursive definitions is required. A common approach to model mutually
recursive definitions is recursive let (letrec). However, in the typed
setting, letrec prevents us from constructing recursive definitions one
by one, which is inconvenient when generating EDSL expressions. The
difficulty arises because we need to specify the types of recursively bound
variables in advance to use letrec. In this paper, we propose language
constructs that we call mutually recursive definition builders, which enable
local and one-by-one construction of mutually recursive definitions in a
type- and scope-safe manner. We give their formal syntax and typing
rules, show an EDSL implementation using higher-order abstract syntax,
and discuss their interconvertibility with letrec. Additionally, we describe
applications of the proposed constructs in an embedded version of FliPpr,
an invertible pretty-printing system that involves grammar processing,
to highlight their utility in EDSL program generation.
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1 Introduction

A domain-specific language (DSL) is a programming language designed for a
specific problem domain, which often provides tailored abstractions that come
with more concise syntax and better efficiency than those of a general-purpose
language. An embedded domain-specific language (EDSL), a DSL implemented as
a library in a host language, provides extra convenience for both DSL programmers
and implementors, as they can access the host language’s ecosystem, such as a
parser, a type system, editor support, an efficient compiler, and interoperability.

Recursive definition is a fundamental concept in programming. This applies
to EDSLs as well. Although explicit handling is often unnecessary in many
applications where using the host’s recursive definitions is sufficient, it is useful
for program optimizations that involve intensional analysis of programs, and is
important for grammar manipulations, including grammar transformations and
parser generation. Combinators that represent recursive definitions in an EDSL
are sometimes called observable recursions [13,37].

For defining a single recursion, the standard fixed-point combinator suffices.
When we implement it as an EDSL primitive, if we use higher-order abstract
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syntax (HOAS) [12,20,34,35] with an expression type Ezp,! its type is given as
fir :: (Ezp a — Exp a) — Erp a.? But, what can we do about mutual recursion?
Theoretically, fiz suffices for mutual recursion via Beki¢’s lemma [4].

fixy 2 ((Exp a, Exp b) — (Ezp a, Ezp b)) — (Ezp a, Exp b)
fiy f = (fix$Ae — fst $ f (z, fir $ Ay — snd $ f (z,9)),...)

However, the recursive definitions realized in this way are not useful due to
code-size blow-up. Since we cannot share computations among components of
fiz,, f, we need O(n!) copies of recursive definitions for n mutual definitions; each
ith component of fiz,, f uses one fix and all the (n — 1) components of fiz,_; f;,
where f; is f with its ith argument set to the variable bound by the fix.

Thus, a practical EDSL needs an operator for mutually recursive definitions
when their explicit treatment is required. To mirror the syntax of the recursive
let, letrec Z=¢ in ¢/, a HOAS representation of the construct looks like:?

letrec :: Env Proxy A
— (Env Exp A — Env Exzp A) — (Env Fxp A — Exp t) — Exp t

Here, Env f A is a heterogeneous list [23] of expressions of types A, namely,
Env flar,...,a,] = (f a1,...,f a,), and Env Prozy A is a singleton type [14]
for A, mimicking a dependent function indexed by A, realized by reusing Env and
a phantom type Proxy defined by data Proxy a = Proxy. Thus, letrec bundles:

letreco : () = () = () — Exp t) — Exp t
letrecy :: (Fzp a — Ezp a) — (Exp a — Exp t) — Exp ¢
letrecy :: ((Ezp a, Ezp b) — (Exp a, Exzp b)) — ((Ezp a, Exp b) — Ezp t) — Exp t

However, this straightforward representation and existing variants [3,6, 13,
22,37] share a common issue: A, the types of letrec-bound variables, must be
known in advance. This global construction reduces modularity. For example,
if we want to add a function that will be defined along with existing mutually
recursive functions, we need to change not only the function itself but also the
rest of the functions, because A changes. Also, the exposure of A makes some
programming difficult, especially when A is determined only dynamically. For
example, in grammar transformations where grammars are expressed as EDSL
programs, we want to generate nonterminals in a resulting grammar on demand,
even though there is a known upper bound. Since it is impossible to know how

! For presentation simplicity, in informal explanations, we often present types of
combinators in the plain HOAS, although the plain HOAS has an issue with inter-
pretations [15] due to exotic terms [11]. HOAS representations without the issue
are known [9,11]. If we were to use such representations, fiz would be a constructor
Fiz :: (v a — Fzp v a) — Ezp v a (in the parametric HOAS [11]) or a typeclass
method fiz:: Ezp f = (f a — f a) — f a (in the tagless final style [9]).

2 We use Haskell to explain our ideas throughout this paper.

3 We abuse the notation to use A as a type variable here, while type variables in
Haskell must start with lower-case letters.
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many nonterminals will be generated before a transformation, it is difficult or at
least nontrivial to realize the transformation via letrec-like combinators. Thus,
we aim for a more fine-grained construction of mutually recursive definitions,
enabling one to work with a single binding at a time without referring to A.

In this paper, we propose mutually recursive definition builders (MRD builders,
for short) to construct mutually recursive definitions from single bindings without
knowing the whole bindings (the A above). More specifically, MRD builders
consist of four constructs freeze, push, letr, and ret that manage a worklist of
expressions to be named and put in the letrec bindings. Intuitively, ret e starts
building with an expression letrec in e and the empty worklist, push e d pushes
an expression e into the worklist of a builder d, letr x. d pops the head expression
from the worklist of a builder d and names it x, and freeze d finishes building. For
example, with them, a monolithic expression let rec 1 = e1,...,z, = ¢, in €
is broken down into the compound form

freeze (letr z;. ...letr z,. pushe, (... (push e (ret ¢’))...))

which pushes expressions ey, ..., e, to the worklist in this order and then pops
them with names x,, ...,z to produce the bindings 1 =eq,..., T, = €,.

Even more interesting is our EDSL representation of the proposed constructs.
Leveraging the power of tagless final representation [9], MRD builders can be
implemented as an “extension kit” for an existing non-recursive EDSL. Specifically,
our approach works for any EDSL whose expression type constructor Ezp has
kind k — Type for arbitrary k, which covers both parametric HOAS [11] and the
tagless final style [9]. This design ensures that we can provide our core and derived
combinators as a library, rather than an implementation technique that needs
to be applied to EDSLs on a one-by-one basis. Among such combinators, the
most interesting one is letr! :: Defs f = (f a — DefM f (f a,7)) — DefM f r,
which intuitively bundles push and letr. With letr7, we can compositionally
construct combinators for mutually recursive definitions of an arbitrary number of
bindings (Section 2.3), as well as (a tupled [10,19] form of) the letrec combinator
(Section 3.1). We can even handle the case where the number of bindings is
determined dynamically (mkDivisibleBy in Section 2.3).

In summary, our contributions are:

— We propose combinators for mutually recursive definitions that enable the
“local” construction of each object to be defined mutually recursively (Sec-
tion 2.1). We also provide several derived combinators to make programming
easier (Sections 2.2, 2.3 and 2.5), and show semantics examples (Section 2.4).

— We discuss the relationship between the proposed constructs and letrec
(Section 3). As a standalone DSL syntax, they are straightforwardly intercon-
vertible. As an EDSL syntax, the conversion from letrec (i.e., letrec on top
of MRD builders) remains easy (Section 3.1), but the opposite (MRD builders
on top of letrec) requires additional effort [1,2,27] due to the implicit nature
of the whole bindings (Section 3.2).

— We discuss the theoretical background of the proposed combinators (Section 4).
Their design is inspired by the trace operator in category theory [21].
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Syntax
e u=-...|freezed (DSL expressions)
d ==rete|pushed|letr x.d (builders)
o, T = ... (DSL types)
A =T, TaD>T (builder types)

(Additional) typing rules: ’ I'ke:r ‘ and ’ I'Fd:o>r ‘

I'd:p>rt I'te:r I'te:o I'd:gp>r1 Liz:iokbd:ioor>T
I't+freezed: 7 I'trete:>7 I['Fpushed:o,c>7 I[I'Fletrxzd:o>7

Fig. 1: Proposed constructs and their typing rules (as a standalone DSL)

— We demonstrate nontrivial use cases of MRD builders in the embedded ver-
sion [30] of FliPpr [29,31], a language for invertible pretty-printers (Section 5).

An implementation of MRD builders is provided as a part of the embedded
FliPpr, whose repository is hosted at https://github.com/kztk-m/flippre.

2 Owur Proposal: Mutually Recursive Definition Builders

In this section, we propose MRD builders. We first show their core constructs
(Section 2.1) and then discuss a derived interface (Section 2.2).

2.1 Core Constructs

Although our focus is on embedded DSLs, we first illustrate our proposed con-
structs in the context of a standalone DSL, as presented in Fig. 1. As mentioned in
Section 1, MRD builders consist of four constructs: freeze, push, letr,* and ret.
They come with an additional syntactic category d, called a builder. A builder d
of type 71, ..., 7, > 7 represents a pair of a partially constructed letrec of type
7 and a worklist (more precisely, a stack) of expressions ey, ..., e, to be named
and put in the letrec bindings, where each e; has type 7;. The operator ret e
produces a letrec with the empty bindings, i.e., letrec in ¢, together with the
empty worklist; push e d pushes e into the worklist part of d; letr z.d pops the
head e of the worklist in d, names it =, and adds x = e to the binding part; and
freeze d finally converts it to the standard letrec, provided that the worklist
is empty. The crucial point is that the types of already constructed bindings
are hidden in the typing rules, while the worklist expressions can refer to those
hidden bindings. These fine-grained constructs for mutually recursive definitions
have no clear benefits in a standalone DSL. Instead, their usefulness becomes
evident in EDSLs, where we programmatically construct EDSL expressions.

The above intuition (the worklist and partially constructed letrec) for the
MRD builders suggests the following identity, provided z ¢ fv(e).

push e (letr z. push e, d) = letr z.push e, (pushed) (PUSHSLIDING)

4 The name of letr is a portmanteau of let and the trace operator [21] in category
theory (Section 4). It also suggests partially constructed letrecs.
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Hence, when some definition bodies do not refer to some bound variables, there
is more than one way to construct the mutually recursive definitions. We could
avoid redundancy in representation by removing push and making ret take
expressions to be pushed, as ret eq,..., e, e. We, however, keep the redundancy,
as removing it by having a more “core” syntax would substantially complicate
the derived combinators that we introduce later.

If we use the tagless final [9] representation of HOAS [12,20, 34, 35], these
constructs can be expressed as the following methods in a type class Defs.®

class Defs (f :: k — Type) where
-- D f[m,...,7n] T represents the builder type 71,...,7, > 7
data D f :: [k] = k — Type
retD::  fr—=Df'[]T
freezeD D f'[]T7 = f 7
pushD:: fa—=Dfast—Df(a:as)T
letrD:: (fa—Df(a:as)7)—=>Dfast

Thanks to the extensibility of the tagless final style, the definition of the type
class Defs f is given independently of any concrete EDSL expression type f «.
By using them, we can construct mutually recursive definitions letrec z; =
€1,...,Ty =€, in e as

freezeD $ letrD $ Axy — -+ — letrD $ A\x,, — pushD e, $...$ pushD ey $ retD e

while no single construct refers to the whole binding information.

Having appropriate instances of Defs makes our combinators (Section 2.2)
accessible to EDSLs in other representations. It is straightforward to have a
Defs instance for an EDSL in the parametric HOAS [11]. We can even use de
Bruijn-indexed terms through Atkey’s unembedding [1,2,27].

2.2 Monadic Surface Interface

We can program directly with the proposed constructs as above, but programming
becomes much easier with the following derived interface.

letrl :: Defs f = (f « = DefM f (f a, 7)) = DefM f r
local :: Defs f = DefM f (f a) = f «

Here, DefM f is a monad defined on top of our primitives, equipped with the
two operations above. We shall postpone their definitions until Section 2.5.

® This code assumes GHC extensions PolyKinds, TypeFamilies, DataKinds, and
TypeOperators: PolyKinds makes f polymorphic in its DSL type domain k,
TypeFamilies allows the associated datatype D, and DataKinds and TypeOperators
enable us to use (:) and [] in the type level, where the latter needs to be prefixed
by a tick “”” for the disambiguation from the list type constructor (in Haskell, [] Int
and [Int] are synonyms).
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Intuitively, this interface conceals D f as 7 objects under nested pairs in
the monad DefM f. More specifically, D f [aq,...,«,] 7 in the core interface
corresponds to DefM f (f a1, (f ag, (..., (f an,f 7)...))) in this interface. An
immediate consequence is that we can use standard functions that manipulate
pairs and monads. Moreover, as we will demonstrate shortly, the monadic interface
provides additional modularity and programming flexibility (Section 2.3).

2.3 Programming with the Monadic Interface

To demonstrate the utility of the combinators, we use a toy language below.

class ToyL (f :: Type — Type) where
int:: Int — f Int; bool :: Bool — f Bool
(+.) = f Int = f Int — f Int; (=) ufInt = f Int — f Int
if_ fBool—>fa—fa—fa; e:: fInt— fInt— f Bool
lam: (fa—fb)—=f(a—Db); app:: f(a—=b)—=>fa—fb

For simplicity, we assume that DSL types have kind Type, the kind for Haskell
types, though we can use any datatype promoted by DataKinds.

Basics of the Monadic Interface Let us consider defining even mutually
recursively with odd. For comparison, using the core combinators, following the
intuition described in Section 2.1, this function can be implemented as follows.

eveny :: (ToyL f, Defs ) = f (Int — Bool)

eveny = freezeD $ letrD $ Aeven — letrD $ Aodd —
pushD (lam $ An — if_ (n ‘eq‘ int 0) (bool False) (app even $n —.int 1)) $
pushD (lam $ An — if_ (n ‘eq‘ int 0) (bool True) (app odd $ n —. int 1)) $
retD even

Observe that the body of odd comes before that of even, as MRD builders perform
stack-based construction of mutually recursive definitions.

Following the correspondence above, we can derive equivalent code with the
monadic interface systematically from even; above, by replacing freezeD with
local, pushD e with fmap (Ax — (e, z)), letrD with letr!, and retD with pure (a
synonym of return).

evens :: (ToyL f, Defs f) = f (Int — Bool)
evens = local $ letrl $ Aeven — letrl $ Aodd —
let epoay = lam $ An — if_ (n ‘eq‘ int 0) (bool True) (app odd $ n —. int 1)
Obody = lam $ An — if_ (n ‘eq‘ int 0) (bool False) (app even $ n —. int 1)
in fmap (Az — (0body, ) $ fmap (Az — (ebody, 2)) $ pure even

(The last line can be simplified to pure (0body, (€body, €ven)), but we keep the
redundant form for comparison.)

At this point, this monadic interface appears to have no significant difference
from the core version, but it actually provides additional modularity. For example,
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with the monadic interface, we can return both even and odd at the same time,
leveraging the fact that pure can take an arbitrary Haskell expression, while retD
can only take an EDSL expression.

mkEvenOdd :: (ToyL f, Defs f) = DefM f (f (Int — Bool), f (Int — Bool))
mkEvenOdd = letrl $ Aeven — letr] $ Aodd —  -- Observe: no local here.
let enody = lam $ An — if_ (n ‘eq‘ int 0) (bool True) (app odd $n —. int 1)
Obody = lam $ An — if_ (n ‘eq‘ int 0) (bool False) (app even $ n —. int 1)
in fmap (Az — (0body, ) $ fmap (Az — (ebody, z)) $ pure (even, odd)

This function can be used as do { (even, odd) <— mkEvenOdd;. .. even...odd...}.
A crucial point is that, in this code snippet, even and odd refer to the defined
variables, while even; and eveny above refer to a whole expression corresponding
to letrec even = ...;o0dd = ... in even—this whole expression will be copied
every time even, and evens are used.

Divisibility Test Generator The pattern in even can be easily extended
to a general divisibility test implemented by a mutually recursive definition
letrec fo = eg,..., fm—1 = em—1 in fy, where, if the given argument is 0, e;
returns true if ¢ = 0 and false otherwise, and if the argument is not 0, it invokes
J(i—1) mod m for the predecessor of the argument.

We can define a divisibility test generator with letr! based on the following
idea. By recursion on n, we gather names generated by letr!, so that we can
use these names (which correspond to fo, ..., fn—1 above) in their corresponding
bodies that we produce at the base case. The induction step picks an appropriate
definition. This idea, with a slight generalization that we index names and
bodies as {fx, }; and {eg, }; for a given list k1, ..., k,, can be implemented as the
following function letris.

letrls :: (Defs f, Eq k) =
[k] = (k= f«a) = DefM f (k— f a,r)) = DefM f r
letrls ksO h = fmap snd $ go ksO (const $ error "out of bounds")
where
go [] names = h names
go (k : ks) names = letrl $ \fy — do
(bodies, r) + go ks (Axz — if z == k then f; else names x)
let e, = bodies k in pure (ey, (bodies, r))

Given letr!s, the definition of mkDivisibleBy is straightforward.

mkDivisibleBy :: (ToyL f, Defs ) = Int — DefM f (f (Int — Bool))
mkDivisibleBy m = letrls [0..m — 1] $ Aself — do
let b k = lam $ An — if_ (n ‘eq‘ int 0)
(bool $ k ==0)
(app (self ((k—1)‘mod‘m))$n—.int 1)
pure (h, self 0)
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Defining mkDivisibleBy with letrec would be nontrivial, because the types of
recursively defined variables, which are static, depend on a given integer, which
is dynamic. The construction directly with the core combinators requires much
effort due to go in letrls returning £ — f «. Recall that d of letrD $ Az — d
and the whole expression must be of builder types. Continuation-passing style
addresses this issue [8,38]; DefM follows the idea (Section 2.5).

More Derived Combinators Let us go back to mkEvenOdd, which is still
awkward compared with ordinary recursive definitions. Ideally, we would like to
define DSL-level recursive definitions in syntax similar to Haskell-level recursive
definitions. We can mimic this by leveraging GHC extensions RecursiveDo with
QualifiedDo or RebindableSyntax, which allow us to replace mfiz used to
desugar recursive do notation with our own version, which may have a different
type from the standard mfiz :: MonadFiz m = (a — m a) — m a.

To define our version of mfiz, we prepare the following type class, which
provides the method letr to generalize [etr! and bind multiple definitions at once.

class Monad m = RecArg m t where
letr:: (t = m (t,7)) > mr

Then, we define several instances.

newtype W a =W {unW ::a} -- anewtype wrapper
instance Defs f = RecArg (DefM f) (W (f a)) where
letr h = letrl (fmap (first unW)oho W)

instance (RecArg m a, RecArg m b) = RecArg m (a,b) where
letr h = letr $ Aa — letr $ A\b — do
((a',0"),r) < h (a,b)
pure (b',(a’,r))
instance (RecArg m a, RecArg m b, RecArg m c)
= RecArg m (a, b, ¢) where
letr h = letr $ Aa — letr $ \b — letr $ A\c — do
((a/, 0", c"),r) + h(a,b,c)
pure (¢, (V' (d’,1)))

We can go further for any type isomorphic to a product of f a4, ...f a,, including
tuples of size four or more, as well as bounded-domain functions such as Bool — a
(provided that RecArg m a holds). Above, we use first from Control. Arrow, which
here is instantiated as first :: (a = b) — (a,z) — (b, z). A subtlety is that, if we
were to declare an instance of RecArg (DefM f) (f a), it would overlap with other
instance declarations (e.g., f can match (,) a or (,) a b) and confuse Haskell
instance resolution, reducing usability. Thus, for the tagless final style, we need
to use a newtype wrapper W to indicate the base cases (leaves of the product).
By using letr, we can define our version of mfix.

mfitMRD :: RecArgmt= (t > mt)—>mt
mfitMRD h = letr $ At — do {¢t' < h t;pure (¢',t)}
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By exporting mfitMRD as mfiz in a module, and importing the module under,
say, the name F' in another module, we can repurpose recursive do syntax.

-- mkEvenOdd2 has the same type as mkEvenOdd.
mkFEven0Odd2 = F.do -- QualifiedDo
-- To desugar do, F also re-exports the standard return, (=), and (fail).
rec even < pure $ W $ lam $ An —
if— (n‘eq int 0) (bool True) (app (unW odd) $ n —. int 1)
odd <+ pure$ W $lam $ An —
if— (n‘eq* int 0) (bool False) (app (unW even)$ n —. int 1)
pure (unW even, unW odd)

Notice that the required use of W /unW stems from a bare type variable f in
the tagless final representation. Hence, if our EDSL expression type is guarded
by a type constructor, e.g., when we use wrapper types, or use parametric
HOAS (PHOAS) [11] representation, we can remove W and even lam/app in
the above definition by giving appropriate instances of RecAryg.

Derived letrec. Following a similar idea to letr definitions, we can even derive (a
tupled [10,19] version of) letrec given in Section 1 on top of our combinators; see
Section 3.1 for the concrete construction. This means, in programming, we can
express anything expressible with letrec, the main alternative.

Issue with mfix-like combinators on top of letrec. Unlike mkDivisibleBy in Sec-
tion 2.3, mfixtMRD assumes that the types of recursive bindings are statically de-
termined to pick an appropriate RecArg instance. This suggests that we can have
a similar mfiz-like combinator even with letrec. This is possible, but impractical as
it copies bindings. To explain why, let us focus on the two-variable case, letrecs, in
Section 1. Using a continuation monad C' f a =V7.(a — f 7) — f 7, we can write
its type as letreco:: ((f a,f b) = (f a,f b)) = C f (f a,f b). This version is closer
to what we want mfizLetRecy :: ((f a,f b) = C f (f a,f b)) = C f (f a,f b),
where the argument function is also monadic. We can convert m::C f (f a,f b) to
(f a,f b) by (m fst,m snd), but it copies a context surrounding the continuation
in m. We can implement a general mfizLetRec in this way, but the resulting
combinator is not useful as nesting copies the context, which consists of mutually
recursive bindings. To make the construction feasible, we need to know that such
a context consists only of local bindings, which are open to extension. These are
builders (d in Fig. 1). Our DefM is defined as a continuation monad for builders,
instead of for expressions (Section 2.5).

2.4 Defining Semantics

We now discuss implementing the semantics of such EDSLs. Let us consider
giving a semantics for the simple language, which is achieved by giving a certain
semantic domain S that is both ToyL S and Defs S.

To define the standard semantics, we choose S = Identity, where Identity is
the identity functor defined in Data.Functor.ldentity as newtype Identity a =
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Identity {runldentity :: a }. We focus on Defs Identity here; giving an instance
of ToyL for Identity is straightforward, and is hence omitted. In the standard
semantics, where we implement EDSL-level recursive definitions via Haskell-level
recursive definitions, we use nonempty heterogeneous lists with distinguished last
elements to implement D Identity, and realize letrD by knot-tying.

instance Defs Identity where
data D Identity as 7 = DI (Env Identity as) (Identity T) -- init-last pair
freezeD (DI _r) =1
retD r = DI ENil r
pushD e (DI es r) = DI (ECons e es) r
letrD h =1let DI (ECons a as) r = h ain DI as r -- relying on laziness

data Env (f :: k — Type) (as :: [k]) where -- heterogeneous list
ENil:: Env f'[]
ECons::f ao— Env f as — Env f (a: as)

Here is an evaluation example.

> let isDivisible4 = local $ mkDivisibleBy 4
> [runldentity (isDivisible4 ‘app‘int i) | i < [1..10]]
[False, False, False, True, False, False, False, True, False, False]

Another example is printing semantics, where we use de Bruijn levels (nesting
depths of binders) for variable names.

type Level = Int;type Prec = Int
type P = Level — Prec — String
data PSem a = PSem {pr:: P}

We could print MRD builders as the syntax given in Fig. 1, but then our printing
semantics would be no different from those for other tagless final EDSLs. Our
Defs class follows the standard tagless final encoding of the syntactic category d
(Fig. 1) except for a slight deviation: the associated type D is used to avoid an
extra parameter for Defs. Thus, we consider printing programs as if letrec were
used, following the informal meanings of MRD builders.

instance Defs PSem where
newtype D PSem as 7 = DP {unDP :: Level — ([(String, P)],[P], P)}
retD e = DP $ const ([],[], pr e)
pushD e (DP p) = DP $ A\l — let (bs,es,r) = p lin (bs,pr e: es,r)
letrD h = DP $ A\l —
let f ="£" <> show [
(bs,e:es,r) =unDP (h (PSem$A__— f)) (I+1)
in ((f,e): bs,es,r)
freezeD (DP p) = PSem $ Mlevel _ —
let (bs,_, e) = p level
level’ = level + length bs
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in "letrec\n" <> mconcat [f <>" = " <> b level’ 0 <> "\n" | (f, ) « bs]
<>"in " <> e level’ 0

Here, Level in DP is used to name letrD-bound variables; naming lam-bound
variables is deferred to freezeD, which performs the main job of printing. By the
instances, we can print EDSL expressions.

> putStrLn $ pr (local $ mkDivisibleBy 2) 00

letrec

fO = \x2 -> if x2==0 then True else f1 (x2-1)
f1 = \x2 -> if x2==0 then False else fO (x2-1)
in O

Not all semantics are straightforward. For example, conversion to letrec
requires additional effort (Section 3.2). Another example is the nullability check
for regular/context-free grammars, which requires iterations. Using Const Bool
with the constant functor Const works, but is ineflicient, as letrD h may run h
twice: first for Const False, and then for Const True if needed.

2.5 Concrete Definition of DefM

We conclude the section by showing the definition of the monad DefM and its
operations letr! and [ocal. The definition of DefM is analogous to the codensity
monad [25,39].

newtype DefM f a = DefM {unDefM ::Nast.(a > D fast)— D fast}

We omit its straightforward Functor, Applicative, and Monad instance declara-
tions. A similar continuation monad is used in staged programming for binding-
time improvement [8,26,38]. Such a monad provides programming flexibility,
particularly for let generation [8,38|, by allowing code generation functions to
return non-code types. Then, we give the definitions of letr! and local.

letrl :: Defs f = (f « = DefM f (f o, 7)) — DefM f r

letr1 h = DefM $ Nk — letrD $ Aa — unDefM (h a) $ X(b,r) — pushD b (k r)
local :: Defs f = DefM f (f o) = f «

local m = freezeD $ unDefM m retD

The idea behind the implementation of letr! is that we use letrD to produce an
argument for A and convert tuples to D f-typed values, following the intuitive
correspondence (Section 2.2). In particular, the result of & is a pair (b, r). For
its second component r, we apply k£ to obtain k r:: D f as 7, making the pair
ready for pushD, yielding a value of type D f (a: «as) 7, as required by letrD.
Note that the answer types of the two continuations (k and A(b,r) — ...) above
differ, which justifies the use of the codensity-like monad where as and 7 are
universally quantified. In contrast, the definition of local is straightforward.

5 We say “analogous” here as we have not confirmed the functoriality of D f. There are
no constructs to transform as and 7 in D f as 7. However, they conceptually appear
positively in d as defined in Fig. 1. Thus, we conjecture potential functoriality.
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3 Relationship to letrec

In this section, we discuss interconversion between our proposed constructs
and letrec T=¢ in ¢/. While the conversion from letrec can be performed on
HOAS representations (Section 3.1), the opposite direction is performed on the
DSL syntax given in Fig. 1 rather than on the HOAS representations of these
constructs (Section 3.2). This effectively requires a conversion from HOAS to de
Bruijn-indexed terms [1,2,27] for the conversion to letrec.

3.1 Conversions from letrec: letrec on Top of Our Constructs

The conversion from letrec is straightforward, and is given similarly to the
definitions of letr in Section 2.2. Specifically, we define the conversion by giving
a derived combinator letrec on top of MRD builders, as below.

letrec :: (Defs f) = Env Prozy as — (Env f as — (Env f as,f 7)) = f 7
letrec sh h = local $ letrecM sh (pure o h)

letrecM :: (Defs f) = Env Prozy as
— (Env f as — DefM f (Env f as,r)) — DefM f r
letrecM ENil h = snd <$> h ENil
letrecM (ECons _ sh) h = letrl $ Ax — letrecM sh $ Axs — do
(vvs, 1) < h (ECons x xs)
case vvs of  -- trick to tell GHC that this matching is exhaustive.
ECons v vs — pure (vs, (v, 1))

This letrec differs slightly from the one in Section 1; this version is tupled [10,19].

The function letrec is defined (via letrecM) by induction on its first argument
sh, which intuitively is a value-level representation of the type as; in other
words, Env Proxy as serves as a singleton type [14] for as. Existing letrec-like
combinators (e.g., [22]) also require such shape information in different forms.
Otherwise, since we have no information about as, the interpretation of letrec is
limited; we cannot give an argument to h without using knot-tying (Section 6).

3.2 Conversion to letrec: Our Constructs on Top of letrec

In contrast, the opposite direction requires more effort when HOAS is used. To
bypass the difficulty, we first show a type-directed translation relation, which
follows the intuition given in Section 2.1—d : @ > T represents a pair of a partially
constructed letrec of type 7 and a worklist of expressions of type . Then, we
discuss why this is not straightforward on the HOAS representation.

Let us write p for recursive bindings of the form z=-e. Then, we can present
the typing rule for p as follows.

{1 A ()« A(®) Feedom(p)
AR p: A
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Recall that, in Section 2.1, we explained that d intuitively represents a
partially constructed letrec p in e with a worklist €. Formally, such pairs serve
as translation results of builders d. Thus, we need to give them types to define
our type-preserving translation. A caveat is that the worklist expressions can
use the letrec-bound variables. Emphasizing this dependency, we write these
intermediate objects as letrec | € in e, instead of pairs of letrec i in e and e.
Recall that we typed I' +d : @ > 7 (Section 2.1), and correspondingly, we give a
typing rule for these intermediate objects as follows.

A, AR p:A {ITArke :oihi<i<n [,AFe:T

I'tletrec pleq,...,e,ine:01,...,0,>7T

When the worklist is empty (n = 0 above), the rule is similar to the standard
typing rule of letrec in simply-typed systems, witnessing that letrec x| in e is
ready to convert to letrec p in e. This is how freeze is processed.

Now, we are ready to define our conversion I" - d ~~ letrec u|€ine: g > 7,
which is read as I' + d : @ 1> 7 is converted to I' - letrec p|€ in e : & > 7. This
conversion is defined mutually recursively with I' - e ~» ¢’ : o that converts
I'Fe:otol e :o. These rules are presented in a type-directed style to
highlight the treatment of typing environments and their type-preserving nature,
whereas the conversions themselves are syntax-directed.

I'td -~ letrec | ine: >t I'Fewe:o

I'tfreeze d ~ letrec pine: 7 I'-ret e~ letrec | ine : >7

I'te~e:o I'kFd~letrec uleine:o>7

I'+pushed~ letrec ple’;eine:oo>7

Iz:okd~letrec p|e,eine:o0,0>7

I'kletrz.d ~ letrec p,x =€’ |eine: > 7

Other than freeze, the rules for I' e ~ €’ : o are defined so that they
process subexpressions recursively. The last rule requires an explanation of
why it preserves types. We show that we can conclude I' - letrec p,xz =
eleine: a7 from Iz : o - letrec p|e/,€ in e : 0,5 > 7. Unfolding the
definition of I,z : o F letrec p|e/,e in e : 0,5 > 7 in the premise, we have
o :0AvFp: A Te oAb € o0, {Ix: 0, AF e : oi}i<icn for
€e=e1,...,enpand T = 01,...,0,, and Iz : 0, A F e : 7 for some A. Then,
taking A" = A,z : 0, we have I'A'F px =¢ + A, {IA'Fe; : 0;}1<i<n, and
I''A'Fe: 7, concluding I' - letrec p,z = ¢’ |€ in e : G > T as requested.

This existential nature of A makes the conversion with the HOAS represen-
tation difficult. To explain this, suppose that A were explicitly exposed in the
builder types and in the above translation. In this case, the right-hand side of
the conversion could be represented in the following HOAS representation.

type Doy f AasT=Env f A — (Env f A, Env f as, f 7)

With this type, the implementation of letrD would be easy:
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letrDex :: (f @ = Dex f A (a:as) 7) = Dex f (a1 A) as T
letrDex h (ECons f, n) = let (1', ECons f, w,e') = h f, pin (ECons f, 1/, w, e’)

However, the same construction is not possible if JA. Doy f A as 7 is used. To
bind the existential A, we need to apply h to some argument, but to prepare the
argument, we need to choose the existential in [efrDey’s return value to be a: A—
there is a cyclic dependency regarding the existential type A. Of course, there
would be no issue if the existential quantification were placed outside the function
as JA.f a = Dex f A (a:as) 7. However, by definition, HOAS represents binders
as functions, which must be of function types rather than existential types. Thus,
in HOAS, opening existential types (and hence revealing A) can only be possible
after applications of such functions. Note that (P = 32.Qx) = (Jz.P = Q)
is not an intuitionistic theorem (but a classical theorem), intuitively because
the choice of x can depend on P for the antecedent formula. Actually, such
dependency is not possible in the tagless final representation, provided that f
is abstract [1], but this information is not immediately available to language
implementors. The normalization based on PUSHSLIDING, which prohibits push
from occurring after letr, does not help this issue of choice timing. Even after
the normalization, letr still works on bindings and worklists, which are obtained
only after opening existential types.

Nevertheless, we have workarounds. A straightforward approach is to use
Dynamic to perform dynamic type checking, which, however, requires us to
scatter Typeable constraints in every construct. This is not ideal as it changes
parts of the EDSL syntax that are otherwise irrelevant to mutually recursive
definitions. Another, slightly heavyweight approach is to use unembedding [1,2,27]
to convert the tagless final representation to the de Bruijn-indexed one, so
that we can implement the above conversion (~»). The original approaches
do not literally support multiple syntactic categories, but the extension would
be straightforward; the implementation” of embedding-by-unembedding [27]
experimentally supports them as of version 0.4. The conversion essentially ensures
that the above-mentioned dependency is not possible.

This gap may be intrinsic: MRD builders enable a local, step-by-step construc-
tion of mutually recursive definitions without referring to the global information
(i.e., mutually bound variables), but this convenience comes at the nontrivial cost
of recovering this hidden information.

4 Theoretical Background: Trace Operator

In this section, we discuss the theoretical background of MRD builders: the trace
operator [21].

4.1 Trace Operator

Intuitively, the trace operator can model knot-tying in functional programming.
Formally, given a morphism f € C(A® X,B ® X) in a symmetric monoidal

7 https://github.com/kztk-m/EbU
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category C, the trace operator Trii p “traces out” X to produce a morphism
Trii gf € C(A,B). (We only consider the symmetric case.) The trace Tri B
feeds back X, which is characterized by certain laws. Among these laws, the
VANISHING law is interesting as it enables us to build a “bigger” trace operator
from smaller trace operators (in terms of objects to be traced out)

Ty pf =/ TeX 9 f = Trd p(Trhox oxf) (VANISHING )

suggesting that the trace operator lets us define constructs for mutually recursive
definitions that compose single definitions one by one. The second equation, in
particular, is where the definitions of letr in Section 2.3 come from.

4.2 Design Principles of MRD Builders Based on Trace Operator

A common approach to view I' F e : 7 as a morphism in a certain monoidal
category C is to model it as a morphism from [I'] to [r] in C, where [I'] is
defined as [z : 01,...,2p : 0,] = [01] ® - - ® [0,]. In this view, a trace operator
can naturally be modeled as:

Iri:01,...,0p:0,Fe:T X0y X - X0y

I'Htrax,...xpe: 7T

Here, x is a type operator to be interpreted by the tensor product ® in C.

This straightforward approach, however, has some issues when we use it in
EDSL design. First, since tr can be decomposed into smaller traces by the VAN-
ISHING law, the core syntax need only support the simple form with n = 1 above,
reducing the implementation effort. Second, some EDSLs lack a product type suit-
able for tr, as illustrated by the grammar example below. Consider context-free
grammars with semantic actions. If we ignore nonterminals, a grammar is simply
represented in the tagless final style as (Applicative f, Alternative f, LiftChar f) =
f a, where LiftChar is a type class with a method fromChar :: Char — f Char
that represents a terminal symbol. Applicative and Alternative are standard-
library type classes, which represent concatenations and unions in this setting,
respectively. This EDSL has a product (a, b), but f (a, b) represents a grammar
whose action returns a pair, not a pair of grammars. As a result, a single recursive
definition of f (a, b) gives us a nonterminal, instead of two nonterminals. In other
words, in this case, we want to interpret I" as a bundle of nonterminals, but the
EDSL has no type for this.

Accordingly, we prepare a variant letr of tr that focuses only on a single
variable, and a special syntactic category d so as not to interfere with the
existing EDSL expressions, as shown in Fig. 1. The intuition underlying d is
that the builder-in-context I' - d : 01,...,0, > 7 permits an interpretation
in C([I'],[7] ® [on] ® - -+ & [o1]) so that o1,...,0, are to be traced out. We
guard the 7 element from being traced out so that we finally get C([I'],[7]),
guaranteeing that we can return to the original interpretation domain of EDSL
expressions. Adding a new syntactic category is straightforward in the tagless
final style [9], as demonstrated by the Defs type class in Section 2.1.
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’ FliPpr program ‘
i (Selective) unembedding [1,2,27,30]

’ HOAS grammar }
l Unembedding [1,2,27], flattening Grammar—tg—grammar
transformation

’ Flat, de Bruijn-indexed grammar [3] }

Fig. 2: Architecture of FliPpr: the highlighted parts use MRD builders

As a result, our proposed constructs can be interpreted straightforwardly in
a traced monoidal category C, assuming diagonal maps 6 € C(4, A ® A).

['Frete:p>r]=[["Fe:T]
['+pushed:o,c>7]=(td:g>7|Q['Fe:o])od
[MHletrzd:o>r] =Tl Me: ot d:oo>1]

[I'+freezed: 7| =[I"Fd:>7]

A caveat is that, in general, we require additional effort [1,2,27] to implement the
semantics due to the use of I', hidden in HOAS; we suspect this cost is intrinsic
to giving nontrivial semantics to HOAS. The same effort suffices for converting
MRD builders to letrec (Section 3.2), though for a different reason.

A traced monoidal category comes with other laws besides the vanishing law.
Among them, the superposing law below is worth mentioning, as it is related to
the PUSHSLIDING law discussed in Section 2.1. In other words, the PUSHSLIDING
law is not arbitrary but has an origin in the theoretical background.

g TYX,Bf = Trg@A,D@B(g ® f)
This, combined with other laws, yields the PUSHSLIDING law.

5 Applications in FliPpr

In this section, we report the uses of MRD builders in the embedded version [30]
of FliPpr [29], an invertible [28] pretty-printing system. In FliPpr, users write
pretty-printers using tailored pretty-printing combinators [40] under a restriction,
so that it can generate context-free grammars for the printer, with the guarantee
that pretty-printed strings are always correctly parsed.® FliPpr uses the MRD
builders in two places: as a surface language that users write, and as target
grammars of grammar transformations (Fig. 2).

5.1 Surface Use in FliPpr

The surface use follows mkFEvenOdd2 in Section 2.3, which leverages RecursiveDo,
with two notable improvements. First, since FliPpr adopts a type-constructor-
headed expression type, specifically, PHOAS [11], it does not require W /unW-like

8 When multiple parsing results exist, the system guarantees that one of the results
corresponds to the AST that is pretty-printed.
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wrappers, by having a custom instance of RecArg for its expression type. We note
that we can still reuse the W-guarded instance via the DerivingVia extension [5],
as below, where we write Ezp v for the FliPpr expression type constructor (v is
an abstract type coming from the PHOAS encoding).

deriving via W (Ezp v 7) instance RecArg (DefM (Ezp v)) (Exp v T)

Second, we also have a RecArg instance for functions of type In v a1 — --- —
In v a, — Exp v 7,° allowing recursive bindings of functions without lam /app.
This adoption of MRD builders departs from the original embedded FliPpr [30],
which implements mutually recursive definitions via references. The reference-
based approach was error-prone in internal processing, specifically causing non-
termination and the circular evaluation error, which motivated MRD builders.

5.2 Internal Use in FliPpr

Another important use of letr! appears in FliPpr’s internal grammar-to-grammar
transformations (Fig. 2), where MRD builders are used for target grammars. We
do not use them for source grammars, because HOAS does not support intensional
analysis well. Thus, before transformation, source grammars are converted to
a flat (no nested recursive definitions), first-order (namely, de Bruijn-indexed)
representation [3].

Internally, FliPpr transforms a grammar by applying a finite-state trans-
ducer [31]. We refer the reader to [31] for its motivation; here we focus on the
procedure, which is essentially a form of on-demand product construction: it
generates nonterminals Ny, 4, from original nonterminals IV and transducer states
¢1 and gz, where Ny, 4, produces the strings obtained by running the transducer
from state ¢ to state go over the strings produced by V. The procedure traverses
grammar expressions, parameterized by states ¢; and go, expanding nonterminals
adaptively. Specifically, on encountering a nonterminal N, it proceeds as follows:
(1) if Ny, 4, is already generated, return it; (2) otherwise, introduce a fresh Ng, 4,
and record it as generated; (3) process its right-hand side R to obtain Ry, 4,; and
(4) add a new rule Ny, 4, == Ry, q,, and return Ny, 4.

Fig. 3 shows the relevant code in FliPpr,' where letr! performs this dynamic
generation; x and a correspond to N and N, 4, above, respectively. DefM is
used with StateT to track processed nonterminals. The code looks complicated
because we need to peel off StateT to apply letr!, which works on DefM, but it
faithfully implements the procedure above.'! We note that letr! is also used for
simple inlining of grammars; we omit the details as its use is similar.

9 In v is a function argument type in FliPpr; since FliPpr is a first-order language,
function arguments and results are distinguished by types.

10 https://github.com /kztk-m /flippre/blob/ec316746d6b5e8b646448915fcd91d1dc8ec59a6 /
flippre-backend-grammar /src/Text /F1liPpr/Grammar/ExChar.hs

11 More idiomatic programming is possible if we generalize letr! to work with a class of
monads other than DefM f.


https://github.com/kztk-m/flippre/blob/ec316746d6b5e8b646448915fcd91d1dc8ec59a6/flippre-backend-grammar/src/Text/FliPpr/Grammar/ExChar.hs
https://github.com/kztk-m/flippre/blob/ec316746d6b5e8b646448915fcd91d1dc8ec59a6/flippre-backend-grammar/src/Text/FliPpr/Grammar/ExChar.hs

18 Kazutaka Matsuda

-- IzN env a: a nonterminal in a flat grammar (de Bruijn index)
-- env: types of nonterminals in a flat grammar
-- Qsp: a transducer state
-~ lookupMemo :: Memo env g — Qsp — Qsp — ItN env a — Maybe (g a)
-- updateMemo :: Memo env g — Qsp — Qsp — IzN env a — g a — Memo env g
procVar ::--- = Qsp — Qsp — ItN env a — StateT (Memo env g) (DefM g) (g a)
procVar q1 q2 x = StateT $ Amemo —
case lookupMemo memo q1 q2 x of
Just r — return (r, memo)
Nothing — do
let rhs = lookIxMap defsMap ©
letr] $ Aa — do
(r, memo’) + runStateT (procRHS ql q2 rhs) (updateMemo memo ql ¢2 T a)
return (r, (a, memo’))

Fig.3: Use of letr! in internal grammar processing in FliPpr

Performance Note. A naive implementation has two severe bottlenecks. One
is the tally representation of de Bruijn indices, which is easily addressed by
representing them as Words via a phantom type. Another bottleneck is the
composition of shifting functions during flattening (Fig. 2), which works on de
Bruijn-indexed terms after unembedding [1,2,27] and generates one big letrec.
Since this flattening tends to compose simple unconditional shifting functions
to the left, we use a designated datatype that carries the total amount of such
shifts. With these workarounds, processing time for a fairly large grammar (with
>10,000 nonterminals after flattening) is reduced from 40 minutes to 3 seconds.'?
Although the flattening is an extreme case in terms of shifting, we expect a
similar technique to be useful for the conversion in Section 3.2.

6 Discussion and Related Work

The letrec combinator in Section 1 mirrors the standard simple typing rule for
letrec. (A tupled [10,19] variant is also possible.) This letrec takes the shape (A)
information as the first argument, which is crucial for some interpretations such as
those that use initial values to compute a fixed point. Otherwise, since the shape
of A can only be known by pattern matching values of type Env f A for some
f (which are unavailable during the interpretation), the possible interpretations
would be limited to tying the knot. For such cases, there is no strong reason to
have EDSL-level mutually recursive definitions. A similar representation is used
by Oliveira and Loh [37], with a type class constraint replacing Env Prozy A.
Kiselyov [22] avoids the shape parameter by applying the converse of the tupling
for the (Env Ezp A — Env Ezp A) part, which then carries the shape infor-
mation. This representation, however, makes the size of the recursive bindings

12 The experiments were conducted on MacBook Pro (14-inch, 2021) with Apple M1
Max CPU and 32 GB of memory, compiled using GHC 9.6.7 with -01.
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quadratic in the number of such bindings. We can also use a first-order de Bruijn-
indexed representation for letrec. Baars et al. [3] adopted such a first-order
representation for typed context-free grammars. However, writing and generating
programs are laborious with de Bruijn indices, although some interpretations are
known to be difficult when we use the HOAS representation instead [1,2,27].
We need not use heterogeneous lists (Env) to represent letrec. Devriese and
Piessens [13] and Brink et al. [6] use the following fixed-point combinator.

kfiz :: (Va. Key a — Exp a) — (Va. Key a — Exp a)) — Key a — Exp a

By choosing an appropriate GADT for the Key type, where each constructor
C 7 indicates a binding of type 7, we can define mutually recursive bindings.
Rips et al. [36] use the combinator def :: Def a f = (a — (a,f b)) = f b
for recursive definitions. Although its type resembles our letr :: RecArg m t =
(t = m (t,r)) — m r, there is a critical difference: our letr is a derived interface,
while their def is a core primitive. Being a core primitive, def has a type that
is too general without restricting a; as a ranges over the host’s types, the only
possible interpretation would be tying the knot, i.e., def f =let (a,r) =f ain r.
Thus, appropriate restrictions of a are needed to have non-trivial interpretations,
whereas they address this in an ad hoc manner for each interpretation (e.g.,
printing). Another crucial difference: def takes a pure function and returns a
single EDSL expression (f b), while letr takes a monadic function and returns an
arbitrary Haskell value (of type r) in a monad. As we demonstrated in Section 2.2,
this difference is crucial for both flexible programming and dynamic generation.
Yallop and Kiselyov [41] discuss an interface for generating mutually recur-
sive definitions in metaprogramming; this approach is then simplified [24] and
implemented in MetaOCaml. In Haskell notation, their combinators [24] can be
written as withLocusRec:: (Locus — Code o) — Code o and mkGenlLet:: Eq k =
Locus — (k — Code (o — B8)) — (k — Code (o« — f3)). Intuitively, the first call
of mkGenLet loc f k yields a fragment of a mutually recursive definition fi, = f &
to be inserted into letrec at the withLocusRec invocation that generated loc,
and the second call of mkGenLet loc f k will be replaced with fi,. The biggest
difference is that they generate letrec, while we do not; we instead generate MRD
builder constructs. Here is a quote from their paper [41]: “ The limited support
for generating mutual recursion is a consequence of erpression-based quotation:
brackets enclose expressions, and splices insert expressions into expressions—but
a group of bindings is not an expression.” From this perspective, we sidestepped
the difficulty by considering an additional syntactic category d in Fig. 1 besides
expressions. They also provide an implementation of these combinators for EDSLs
in OCaml without destructive updates.'® This, however, involves many unsafe
type coercions (0bj.magic); this stems from their denotational semantics [24]
on which it is based; the semantics throws away type information in various
places, such as free variables in generated code. A well-typed implementation for
their interface that supports heterogeneous mutually recursive definitions still
remains open. In contrast, as we have shown in Section 2, we can implement

13 https://okmij.org/ftp/meta-programming/genletrec/index.html#impl
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our combinators local and letr! without unsafeCoerce. However, it is fair to
note that the translation of our constructs to letrec in Section 3.2 requires a
conversion [1,2,27] to de Bruijn-indexed terms, whose known implementations
involve runtime type-checking or unsafeCoerce in coercing variables I' - x : ¢ to
I'" + x : 0. Nevertheless, such seemingly-unsafe coercions are proven to be safe
by Kripke parametricity, which proves that I must always have the form I", I"”
for some I'”; in other words, the coercions must be weakening operations.

The EDSL accelerate reifies implicit sharing into EDSL-level let [33], ex-
ploiting the fact that GHC evaluates cyclic first-order data into cyclic structures
in memory. For example, let ones = 1: ones in ones yields a cons cell whose
cdr points to itself. Such pointers can be compared via StableName in GHC,
enabling us to detect graph structures in memory [18]. Although the original
method [33] targets non-recursive let instead of letrec, we conjecture that the
method can be extended to recursive let. This approach is extremely simple
for surface programming: particularly, it allows top-level recursive definitions.
However, it is error-prone if we programmatically generate EDSL expressions.

Unembedding [1] provides an interconversion between (parametric/tagless-
final) HOAS and de Bruijn-indexed representations of simply-typed ASTs, which
is provably correct based on Kripke parametricity. An advantage of the conversion
to de Bruijn-indexed representations is its support for intensional analysis of
ASTs, for example, for optimization [2], while keeping the programming flexibility
provided by the HOAS representation. Another advantage is its support for
interpretation of open terms [27], which is crucial for incremental computation |7,
17] and bidirectional transformations [16,32]. Section 3.2 highlights another use
case: supporting existentially-quantified semantic domains, for which the HOAS
representation changes the timing of choice for existentials.

7 Conclusion

In this paper, we proposed MRD builders, whose usefulness lies especially in EDSL
program generation. The idea of the constructs is inspired by the trace operator
in category theory. We presented their syntax and typing rules in a simply-typed
system and showed their HOAS representations. The proposed constructs are
interconvertible with letrec, although converting to letrec requires an additional
conversion to de Bruijn-indexed representation. We described the surface and
internal use of MRD builders in the invertible pretty-printing system FliPpr.

The artifact for this paper is available at https://doi.org/10.5281 /zenodo.
20431647, which includes a minimal implementation of MRD builders, and FliPpr
snapshots to support the discussions in Section 5.2.
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